We study the transformation of multi-axis Laguerre-Gaussian beams from optical beams comprising Hermite-Gaussian modes with ray-wave duality. By use of cylindrical lenses, Hermite-Gaussian modes can be transformed into Laguerre-Gaussian modes possessing optical orbital angular momentum. The superposed HermiteGaussian modes localized on geometric trajectories are generated from a degenerate hemiconfocal cavity and transformed into multi-axis Laguerre-Gaussian beams. Experimental results of the structured beams are systematically manipulated and in good agreement with theoretical analyses.
Introduction
In recent years, the study of structured beams has attracted much attention for developing singular optics [1] , optical vortices [2] [3] [4] , and the transfer of optical angular momentum with Bose-Einstein condensates [5] [6] [7] [8] . The researches not only pave the way for the applications of microparticle manipulation in optical tweezers [9] [10] [11] and encoding of information [12] [13] [14] but also visualize the intriguing nature of light [15] . Accordingly, generation of various structured beams plays an important role in realizing the ideas of applications and provides comprehensive insights into wave na-ture. A laser cavity was employed to study spatial transverse modes in optical resonators such as CO 2 lasers [16, 17] , vertical cavity surface emitting lasers [18, 19] , and other systems [20] [21] [22] [23] [24] . The transverse Hermite-Gaussian modes are the typical modes emitted from most laser cavities. On the other hand, the high-order Laguerre-Gaussian modes related to optical orbital angular momentum can be efficiently generated from diode-pumped solid-state lasers [25, 26] .
As is well known, optical spin angular momentum associated with circular polarization was suggested by Poynting [27] and experimentally validated by Beth in 1936 [28] . Optical orbital angular momentum (OAM) related to the spatial distribution was further demonstrated with LaguerreGaussian modes [29] . The compact method to generate Laguerre-Gaussian beams possessing OAM was materialized by cylindrical lenses to transform Hermite-Gaussian beams into Laguerre-Gaussian beams under astigmatism influence [30, 31] . The Laguerre-Gaussian mode possessing OAM is the general case to study the characteristic of angular momentum of light. Nevertheless, a variety of geometric modes formed by the coherent superposition of HermiteGaussian eigenstates can be generated from degenerate laser resonators [32] [33] [34] . By combining the idea of the special coherent waves emitted from a laser cavity and the transformation scheme with cylindrical lenses, intriguing structured beams possessing OAM can be systematically generated.
In this work we present an optical beam generated from a large-Fresnel-number degenerate laser cavity with raywave duality and make use of cylindrical lenses to transform the optical beam into multi-axis Laguerre-Gaussian beams which have circle-bundle structure on the transverse profile. The circle-bundle structured beam represents that the beam with circles uniformly arranged on the circumference results from the superposition of Laguerre-Gaussian modes. We start with the numerical demonstration of the su-perposition of Hermite-Gaussian modes which brings about the emergence of localized patterns with ray-wave duality in a degenerate hemiconfocal cavity. The superposed Hermite-Gaussian modes can be converted into the superposed Laguerre-Gaussian mode by use of a mode converter which consists of a pair of cylindrical lenses. Furthermore, the superposed Laguerre-Gaussian modes form the circlebundle structured beams possessing OAM. We employ the case of the degenerate hemiconfocal cavity to clarify the formation of the structured beam. It is the first time that multiaxis Laguerre-Gaussian beams have been generated by the method which combines geometric modes of a laser cavity and the mode converter. Importantly, the experimental results are in good agreement with theoretical analyses and provide striking information for the applications of OAM.
Superposition of 1D and 2D degenerate
Hermite-Gaussian modes
The wave function of the Hermite-Gaussian mode for the paraxial wave equation in a spherical laser resonator can be written as [35] 
where
is the Rayleigh range, k n,m,l is the wave number, H m (·) is a Hermite polynomial of order m, and θ G (z) = tan −1 (z/z R ) is the Gouy phase. In terms of the cavity length L, the wave number
is the longitudinal mode spacing, f T is the transverse mode spacing, l is the longitudinal mode index, and m and n are the transverse mode indices. For an empty resonator consisting of one spherical mirror with radius of curvature R and one plane mirror, the bare ratio between the transverse and the longitudinal mode spacings is given by
Experimental observations manifest that when the ratio f T / f L is close to a simple fractional number P /Q, the longitudinaltransverse coupling usually brings about frequency locking among different transverse modes with the help of different longitudinal orders [36] . Hence, the three-dimensional coherent optical waves can be expressed as
M+k 1/2 is the weighting coefficient [37] , ϕ 0 is the relative phase between various HermiteGaussian modes Φ (HG) n,m,l (x, y, z) at z = 0, and the indices obey the equation s + (p + q)(P /Q) = 0 to form a family of frequency-degenerate states. The indices p and q dominate the transverse profile of the coherent optical waves, and the index s matches with the degeneracy in the degenerate cavity, which is decided by P /Q. Therefore, p + q needs to be an integral multiple of Q. The superposition of degenerate states forms a stationary coherent wave which corresponds to the relation between wave optics and geometric optics in specific initial conditions [32] [33] [34] . Fig. 1a depicts a numerical result for the formation of the stationary coherent wave described in e.g. (2) with It is well known that a pure Hermite-Gaussian mode is preserved in free-space propagation. However, superposition of Hermite-Gaussian modes with different transverse orders leads to propagation-variant patterns along the longitudinal direction. Fig. 2a , the so-called W mode [32, 33] , in the degenerate cavity with P /Q = 1/4. Obviously, the number of beams traveling under propagation depends on the factor Q. On the other hand, the number of axes in the resonator is decided by Q. The blue and green arrows indicate the opposite propagation directions of the beam to form the standing waves inside the laser cavity. Note that the degenerate superposition of 1D Hermite-Gaussian modes has a good agreement with the geometrical trajectory but not for 2D Hermite-Gaussian modes shown in Fig. 2c . Consequently, wave representation is a vital approach to explore the deep insights for optical coherent waves [38] .
Theoretical analyses for transformation of Hermite-Gaussian modes and superposed Hermite-Gaussian modes
The relation between Hermite-Gaussian modes and Laguerre-Gaussian modes has been analytically verified and experimentally demonstrated [30, 31, 39] . By use of cylindrical lenses, the Hermite-Gaussian modes with transverse indices (n, m) in rectangular coordinates can be transformed into Laguerre-Gaussian modes with transverse radial index n and azimuthal indexm in cylindrical coordinates. The Laguerre-Gaussian mode can be decomposed into a sum of Hermite-Gaussian modes as
The relation of the indices between the Hermite-Gaussian modes and the Laguerre-Gaussian modes follows n =ñ and m =ñ + |m|. The radial indexñ depends on the index of one direction of Hermite-Gaussian modes, and the azimuthal indexm depends on the difference between two indices of Hermite-Gaussian modes. It is worth mentioning that the transformed optical Laguerre-Gaussian modes which possess the magnitude of orbital angular momentumm per photon bring out wide applications for controlling microparticles. In addition to Laguerre-Gaussian modes, there are general astigmatic modes also possessing OAM [40] . The optical waves with the localized transverse patterns resulting from degenerate superposition of HermiteGaussian modes have been theoretically analyzed and experimentally revealed [32, 33] . Each composition of the localized coherent wave can be transformed into LaguerreGaussian modes with circular symmetry by a pair of cylindrical lenses mentioned above. Consequently, the superposition of transformed Laguerre-Gaussian modes forms another kind of intriguing pattern we will discuss in the following. From the transformation relation and superposition of coherent modes, the superposed Laguerre-Gaussian modes transformed from superposed Hermite-Gaussian modes can be expressed as where the indices follow the relationsp = p andp +q = q. Consequently, we know that the localization of the superposed Laguerre-Gaussian modes is determined by the indexp in the radial direction and the indexq in the azimuthal direction in the case discussed here. Fig. 4 depicts the numerical results of the superposition of LaguerreGaussian modes which can be transformed with the effect of a pair of cylindrical lenses. In the left-hand part of Figures 5a-5d depict the numerical far-field patterns for the formation of superposed Hermite-Gaussian modes described in e.g. (2) with
and several different n 0 . The corresponding simulated results of the transformation by a pair of cylindrical lenses are shown in Figs. 5a -5d . As the order of superposed HermiteGaussian modes gets higher, the diameter of the circles also gets larger so that they cross each other. Each numerical result of Figs. 5a -5d represents that there are four LaguerreGaussian modes along four axes to clarify the multi-axis Laguerre-Gaussian beam.
Realization of transformation of superposed Hermite-Gaussian modes
The large-Fresnel-number degenerate cavity has been employed to generate miscellaneous optical coherent waves localized on geometric trajectories and classical parametric surfaces [33, 36, 41] . Moreover, the optical coherent waves emitted from the large-Fresnel-number degenerate cavity can be used to study the generation of large optical angular momentum [42] . Angular momentum transferred from a Laguerre-Gaussian beam is the first demonstration of optical angular momentum. As is well known, a LaguerreGaussian beam with orbital angular momentum can be efficiently generated from a Hermite-Gaussian beam by use of a pair of cylindrical lenses [30, 31] . Consequently, it is generally interesting for developing the structured beams with angular momentum from superposed Hermite-Gaussian modes. To realize the superposed Hermite-Gaussian modes of the large-Fresnel-number degenerate cavity, the experimental laser cavity was composed of a spherical mirror and a gain medium shown in Fig. 2a . The spherical mirror was a 10 mm radius-of-curvature concave mirror with antireflection coating at the pumping wavelength on the entrance face (R < 0.2%), high reflection coating at the lasing wavelength (R > 99.8%), and high-transmission coating at the pumping wavelength on the other surface (T > 95%). The gain medium was an a-cut 2.0 at% Nd:YVO 4 crystal with a length of 2 mm and a cross section of 3 × 3 mm 2 .
One planar surface of the laser crystal was coated for antireflection at the pumping and lasing wavelengths; the other surface was coated to be an output coupler with a reflectivity of 99%. The pump source was an 809-nm fiber-coupled laser diode with a core diameter of 100 µm and a maximum output power of 1 W. A coupling lens was used to focus the pump beam to be approximately 25 µm in the laser crystal. Figs. 6a-6d depict the experimental far-field results of the superposed 1D and 2D Hermite-Gaussian modes related to the degenerate cavity P /Q = 1/4 under the condition of different x off-axis and the same y off-axis. The propagation behavior of these localized coherent waves is confirmed as the theoretical result shown in Fig. 2 , and the superposed Hermite-Gaussian modes possess no optical angular momentum. By use of a pair of cylindrical lenses with focal length of 25 mm and a focusing lens, the input beam emitted from the laser cavity is focused to the mid point of the two cylindrical lenses shown in Fig. 3 , and the superposed Hermite-Gaussian modes can be transformed to the multiaxis Laguerre-Gaussian beams shown in Figs. 6a -6d . Importantly, the experimental patterns are in good agreement with the feature of the theoretical results shown in Fig. 5 . The larger off-axis conditions of the experimental results for the transformed structured beams are shown in Figs. 7a-7d . The imperfect patterns under the extreme off-axis condition are caused by the aberration of the focusing lens. Nevertheless, the results are still in good agreement with the theoretical results shown in Figs. 7a -7d .
The Laguerre-Gaussian mode which possesses the magnitude of OAMm per photon only depends on the azimuthal indexm [29] . Hence, we can derive that the OAM of the multi-axis Laguerre-Gaussian beams which are the superposition of Laguerre-Gaussian modes only depends on the average azimuthal indexm 0 . For the structured beams in Figs. 6a -6d , the OAM per photon can be approximately calculated at around 36 , 24 , 6 , and −4 according to the numerical results in Figs. 5a -5d . In addition, the magnitude of OAM per photon of the structured beams shown in Figs. 7a-7d can be approximately calculated at around −22 , −42 , −82 , and −117 according to the numerical results in Figs. 7a -7d . The positive or negative OAM represents whether the rotation around the optical axis is counterclockwise or clockwise. The results reveal that the mag- Finally, it is worth mentioning that the three-dimensional structure of the circle-bundle beams is propagation dependent because of the Gouy phase and the additional phase of the mode converter. Figs. 8b-8f depict the numerical results of the tomographic transverse patterns under propagation. Note that the distance between the two cylindrical lenses should be set as √ 2f to complete the transformation [31] . The numerical results are based on the ABCD law to estimate the astigmatic effect from the mode converter. Moreover, the phase distribution of the numerical circle-bundle structured beam shown in Fig. 8f is revealed in Fig. 8g. 
Conclusion
In summary, we have successfully employed the representation of the superposed Hermite-Gaussian modes and the function of the mode converter to expound the formation of multi-axis Laguerre-Gaussian beams possessing OAM. The experimental structured beams are robust and can be facilely manipulated by controlling the superposed Hermite-Gaussian modes generated from the large-Fresnelnumber degenerate cavity. Moreover, the experimental results are in good agreement with the theoretical results. Since the intriguing structured beams are elegantly generated with considerable OAM, the present findings may provide some useful insights into various optical applications.
